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Problem 1 (3 TP + 8 PP)
Consider the variational equality

u € Hy(Q) a(u,v) = Il(v) Yo € H3 ()

with a Hi-elliptic, symmetric bilinearform a, [ € (H}(£2))’ and the finite element solu-
tions us € SM) and ug € S®. Assume the saturation assumption

IB€(0,1) : Jlu—ugle < Bllu—usla (1)
is fullfilled.

a) Show the following estimate for the discretezation error:
V1= Bllu—uslla < flus — uglla < [lu— uslla-

b) Write a MATLAB programme A = assemble P2(grid, local_assem, Q), which
assembles the stiffness matrix and the mass matrix for quadratic finite elements,
using the corresponding local assemblers and appropriate quadrature rules. Note
that there are dgrees of freedom on the edges.

c¢) Use your programme and the programmes from the homepage to calculate the a
posteriori error estimate ||us—ug||, for the solution of the problem given in problem
1d) of exercise 9 on an uniform grid 75 on = (0,1)? with different h. Use the
hierarchical P? basis here, not the Lagrange basis. Plot the error ||us — ugl|s over
h in a suitable scale and interprete your results on the background of the a priori
error estimates from the lecture.



d) Define the bilinearform
b(u,v) = Z Uz Uz W(AE, AE)
Eeg

in the space V = span{\g|E € £}, where £ is the set of inner edges and Ap the P2
basis function associated to midpoint xg of the edge F € £&. Why can ug = us+d
with

deV: b(d,v) =1(v) —a(us,v) YveV
be interpreted as an inexact evaluation of ug? Use your programme calculate and

plot the error estimate ||us — @gl|, analogue to part ¢). Compare and interprete
your results.

Problem 2 (4 TP)
Prove the inverse estimate
vl < B HJvllo

for piecewise linear finite element functions v € Sp. Does the estimate also hold for
higher order finite element functions?

Problem 3 (4 TP)

Let 2 = (a,b) and T, k = 0,..., j, be a sequence of grids as resulting from the successive
bisection of the initial grid 7o = {[a,b]} with mesh size hy = (b — a)27*. Consider the
space Sy, of piecewise affine functions on the intervalls ¢ € T vanishing at a and b with

the nodal basis {)\](Dk), p € N}t k=0,...,7. The set of nodes T consists of the set of
interior end points of the intervalls ¢t € T;. Then the the so-called hierarchical basis AHB
is defined by

a) Show that the hierarchical basis AHB is orthogonal w.r.t. the energy scalar product

a(v,w) :/ v'w' dz
[a,b]
on H}(9).

b) Use the results from a) to derive an exact solver for the linear system associated
with the finite element approximation

up € S : a(up,v) = l(v) Yv € Sp.

c) Is there a relation to the method of cyclic reduction?



