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$XIJDEH � Ī6WHWLJNHLWī� =HLJHQ � 6LH�GDVV �GLH �)XQNWLR˿

f : R → R , f(x) =

{
x2 FRV(1/x) x "= 0

0 x = 0

VWHWLJ�LVW�

/|VXQJ� )�U x "= 0 LVW�GLH�)XQNWLRQ�DOV�9HUNHWWXQJ�HOHPHQWDUHU�VWHWLJHU�)XQNĥ
WLRQHQ�VWHWLJ�8P�GLH�6WHWLJNHLW�EHL x = 0 ]X�]HLJHQ� EHWUDFKWHQ�ZLU�HLQH�1XOOĥ
IROJH (xn)n� xn ∈ R� QDFK�'H¿QLWLRQ�GHU�)ROJHQVWHWLJNHLW�PXVV�JHOWHQ� GDVV
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ZHJHQ | FRV(·)| ≤ 1 XQG�GHU�9RUDXVVHW]XQJ xn → 0� $OVR�LVW f VWHWLJ�

$XIJDEH � Ī*OHLFKPl�LJH�6WHWLJNHLW�,ī� =HLJHQ � 6LH�GDVV �GLH �6LQXVIXQNWLR˿

g(x) = VLQ(x)

DXI�JDQ̊ R JOHLFKPl�LJ�VWHWLJ�LVW�

/|VXQJ� :LU�P�VVHQ�]HLJHQ� GDVV�HV�]X�MHGHP ε > 0 HLQ δ > 0 JLEW� VR�GDVV�GLH
IROJHQGH�,PSOLNDWLRQ�JLOW�

|x− y| < δ ⇒ |g(x)− g(y)| < ε ∀x, y ∈ R .

�



'D�GLH�6LQXVIXQNWLRQ�GLɱHUHQ]LHUEDU�LVW� IROJW�PLW�GHP�0LWWHOZHUWVDW]� GDVV�HV
HLQ ξ ∈]x, y[ JLEW� VR�GDVV

| VLQ(x)− VLQ(y)| = | FRV(ξ)||x− y| ≤ |x− y| ,

ZREHL�ZLU�R�%�G�$� x < y DQJHQRPPHQ�KDEHQ� ,VW�DOVR ε > 0 YRUJHJHEHQ�
P�VVHQ�ZLU�QXU δ = ε VHW]HQ�XQG�VLQG�IHUWLJ�

$OWHUQDWLYH �/|VXQJ� 'LH�JOHLFKH�$EVFKlW]XQJ�ZLH�REHQ�HUKlOW�PDQ�PLW�+LOIH
HLQHV�$GGLWLRQVWKHRUHPV�I�U�GHQ�6LQXV�

| VLQ(x)− VLQ(y)| = 2
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≤ |x− y| ,

ZREHL�LP�OHW]WHQ�6FKULWW�GLH�8QJOHLFKXQJ | VLQ(x)| ≤ |x| EHQXW]W�ZXUGH� Ī:HU
HV�QLFKW�JODXEW� ]HLFKQH�GLH�EHLGHQ�)XQNWLRQHQ�HLQIDFK�PDO�KLQ�ī

$XIJDEH � Ī*OHLFKPl�LJH�6WHWLJNHLW�,,ī� =HLJHQ � 6LH�GDVV �GLH �)XQNWLR˿

h : R → R , h(x) = x2

QLFKW�JOHLFKPl�LJ�VWHWLJ�LVW�

/|VXQJ� :LU�P�VVHQ�HLQ ε > 0 ¿QGHQ� ]X�GHP�HV�NHLQ�³JOREDOHV´ δ > 0 JLEW� VR
GDVV�GLH�RELJH�,PSOLNDWLRQ�JLOW�:LU�P�VVHQ�DOVR�]HLJHQ� GDVV�HV�I�U�LUJHQGHLQ
ε > 0 VWHWV�]ZHL�3XQNWH x, y ∈ R JLEW� I�U�GLH�]ZDU |x − y| < δ LVW� DEHU
|x2 − y2| ≥ ε� HJDO�ZLH�NOHLQ δ JHZlKOW�ZLUG�

6HL�QXQ y = x+ δ/2 I�U�LUJHQGHLQ x > δ� 'DQQ�JLOW

|x2 − y2| =
∣∣∣∣xδ −

δ2

4

∣∣∣∣ ≥ Cxδ ,

I�U�HLQH�JHHLJQHWH�.RQVWDQWH C ∈]0, 1[� Ī$XFK�EHL�GLHVHU�$EVFKlW]XQJ�LVW�HLQH
=HLFKQXQJ�KLOIUHLFK�ī )ROJOLFK�LVW�I�U x = ε/(Cδ) VWHWV

|x2 − y2| ≥ ε .

8QG�VR�ODVVHQ�VLFK�I�U�MHGHV�MHGHV�QRFK�VR�NOHLQH δ > 0 RɱHQEDU�3XQNWH x, y ∈ R
¿QGHQ� I�U�GLH�GLH�,PSOLNDWLRQ�REHQ�QLFKW�JLOW�
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$XIJDEH � Ī/LSVFKLW]ĥ6WHWLJNHLW�,ī� =HLJHQ � 6LH�GDVV �GLH �)XQNWLR˿

h : R → R , h(x) = x2

QLFKW �/LSVFKLW]ĦVWHWLJ � LVW�

/|VXQJ� =X�]HLJHQ�LVW� GDVV�HV�HLQH�.RQVWDQWH L < ∞ JLEW� VR�GDVV�JLOW�

|h(x)− h(y)| ≤ L|x− y| ∀x, y ∈ R .

1XQ�LVW�QDFK�GHU�ELQRPLVFKHQ�)RUPHO

|x2 − y2| = |x+ y||x− y| .

'D�GHU�7HUP |x + y| I�U x, y ∈ R EHOLHELJ�JUR��ZHUGHQ�NDQQ� H[LVWLHUW�NHLQH
VROFKH�.RQVWDQWH L� GLH�)XQNWLRQ�LVW�IROJOLFK�QLFKW�/LSVFKLW]ĥVWHWLJ� Ī'DVV�GLH
)XQNWLRQ h QLFKW�/LSVFKLW]ĥVWHWLJ�LVW� IROJW��EULJHQV�VFKRQ�DXV�GHU�7DWVDFKH�
GDVV�VLH�QLFKW�JOHLFKPl�LJ�VWHWLJ�LVW�ī

$XIJDEH � Ī/LSVFKLW]ĥ6WHWLJNHLW�,,ī� =HLJHQ � 6LH�GDVV �GLH �6LQXVIXQNWLR˿

g : R → R , g(x) = VLQ(x)

JOREDO�īG�K�DXI�GHP�JHVDPWHQ�'HÀQLWLRQVEHUHLFKĬ�/LSVFKLW]ĦVWHWLJ�LVW�

/|VXQJ� (V�UHLFKW�]X�]HLJHQ�LVW� GDVV�GLH�$EOHLWXQJ�GHU�)XQNWLRQ g EHVFKUlQNW
LVW� GHQQ�/LSVFKLW]ĥ6WHWLJNHLW�EHGHXWHW�JHUDGH� GDVV

|g(x)− g(y)|
|x− y| ≤ L ∀x, y ∈ R .

I�U L < ∞� 1XQ�IROJW�DEHU�DXV�GHP�0LWWHOZHUWVDW]� GDVV

| VLQ(x)− VLQ(y)|
|x− y| = | FRV(ξ)| ≤ 1

I�U�HLQ ξ ∈]x, y[� XQG�GDPLW�LVW�GLH�/LSVFKLW]ĥ6WHWLJNHLW�JH]HLJW� Ī'DPLW�LVW�GLH
)XQNWLRQ�DXWRPDWLVFK�JOHLFKPl�LJ�VWHWLJ�ī
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