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Exercise 1 (Validating the Birkhoff Ergodic Theorem)
Choose an initial point xg € S!, and compute an orbit of length 10° using the circle tripling
map T.

(a) Calculate how many points in the orbit fall in the interval [0,1/10). Is this consistent with
the Birkhoff Ergodic Theorem?

(b) Use the Matlab command hist to plot a histogram of the orbit of length 10° on 1000 bins. Is
this consistent with the Birkhoff Ergodic Theorem?

(c) Calculate f, := %Z;{:& f(T*xg),n =1,...,10%, for f(x) = x2. Plot f, vs. n.Is this consistent
with the Birkhoff Ergodic Theorem?

Exercise 2 (Ergodicity and Extremality)

An invariant probability measure y is called extremal, if it cannot be written in the form
u = tyuy + (1 — t)up, where py and pp are two different invariant probability measures, and
0 < t < 1. Prove that an invariant probability measure is extremal if and only if it is ergo-
dic, using the following steps.

(a) Show thatif E € Bis a T-invariant set of nonzero measure, then the measure yr, defined by
ue(A) := u(ENA)/u(E) for every A € B, is T-invariant. Deduce that if y is not ergodic,
then it is not extremal.

(b) Show that if u is ergodic, and u = tu; + (1 — t)p, where pq and yp are invariant, and
0 <t<1,then

(i) For every E € B, it holds L Y7~ xp o T"(x) — u(E) asn — oo for pj-ae. x € X
(i=1,2).
Hint: Show that y(A) = 0 implies y;(A) =0 (G =1,2) for A € B.
(if) Conclude that y;(E) = u(E) forallE € B (i = 1,2).

Hint: Dominated convergence theorem.

Exercise 3 (Strong Law of Large Numbers)

Prove the strong law of large numbers for the following experiment:

Throw a fair dice successively (throws are independent), and let X; denote the value of the ith
throw. Show that

1 n
— Z X; — 3.5 asn — oo, almost surely,
i=1

by using Birkhoft’s Ergodic Theorem for a suitable Bernoulli shift.



