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Exercise 1 (4 TP)
Consider the space V = {f ∈ C(R) | ‖f‖∞ < ∞} with norm ‖ · ‖∞. Let un(x) =
max(0, 1 − |x − n|) for all n ∈ N and x ∈ R. Show that (un)n∈N has no converging
subsequence in V and conclude that the unit sphere in V is not compact.

Exercise 2 (4 TP)
Show that the Laplace operator is invariant under rotations of the coordinate system:
Let A ∈ Rd×d be an orthogonal matrix with columns ai ∈ Rd. Given a rotation around
a center c ∈ Rd, defined by ψ(x) = A(x− c) + c, prove that the sequence of identities

∆u(x) = (∆(u ◦ ψ))(ψ−1x) = ∆Au(x) :=

d∑
i=1

∂2

∂ai∂ai
u(x) ∀x ∈ Rd

holds for all x ∈ Rd.

Exercise 3 (4 TP)
For all ε ∈ R>0 let

fε(x) =


−1 , x ∈ [−1,−ε]
x
ε , x ∈ (−ε, ε)
1 , x ∈ [ε, 1]

uε(x) =


−1

2x
2 − ε2−3

6 x− ε2

6 , x ∈ [−1,−ε]
1
6εx

3 + 3ε−ε2−3
6 x , x ∈ (−ε, ε)

1
2x

2 − ε2−3
6 + ε2

6 , x ∈ [ε, 1].

a) Verify that uε solves

∆uε = fε on [−1, 1], uε = 0 on {−1, 1}

in the classical sense.
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b) Prove that uε converges pointwise to

u(x) =

{
−x

2 (x+ 1) , x ≤ 0
x
2 (x− 1) , x ≥ 0.

c) Show that uε does not converge to u in C2([−1, 1]).

d) Let ‖v‖H1 :=
√∫ 1
−1(v

′(x))2 dx. Show that limε→0 ‖uε − u‖H1 = 0.

e) Let

f(x) =

{
−1 for x ≤ 0

1 for x > 0.

Prove that u is a weak solution of

∆u = f on [−1, 1], u = 0 on {−1, 1}.


