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stochastic process -> finite Markov chain with transition matrix P  
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efficiency = non-reversibility of PC 
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 Pc is a Galerkin discretization of P 

 Membership vectors form an invariant subspace X of P 

 starting point of P-chain inside the invariant subspace 

linear coefficients of the membership vectors 

membership vectors 

Weber, 2011 

Röblitz, Weber, 2013 

Fackeldey, Weber, 2016 



X orthogonal matrix with regard to the 

stationary distribution (separability =  

orthogonality of A) 
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Reinmiedl, 2016 

Elowitz, Stanislas, Leibler, 2000 
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diagonal matrix?? 
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„Schur = Eigen“ for reversible matrices 

 

Schur is well-conditioned  

 

Schur always exists  

 

Schur is not unique 

 

Schur values of P become Schur values of PC 
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Non-reversibility                                              of PC is a 

consequence of the non-diagonality of the Schur matrix 

and the „separability / orthogonality“ of the clusters.   
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SDE Hindemarsh-Rose (neuronal excitation) 
Reinmiedl, 2016 
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Pd=diag(sqrt(sd))*P*diag(1./sqrt(sd)); 

[Q, R]=schur(Pd); 

[Q, R]=SRSchur(Q, R); 

X=diag(1./sqrt(sd))*Q; 

 

 

Preparation of the invariant space: 

X orthogonal with regard to the stationary distribution  

SRSchur sorts the eigenvalues 

function [val,pos] = select(r) 

 %[val pos] = min(abs(1-r)); %Metastability 

 [val, pos]=max(abs(r)); %Permutation Matrices 

 %[val, pos]=max(abs(r-(real(r)<0).*real(r))); % LOG 

 %...  

Brandts, 2001 

Fackeldey, Weber, 2016 



Why taking the absolute value?           sources/sinks = redundancy 
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Find clustering ({0,1}-entries of membership vectors) such that 

transitions are as non-reversible as possible between the clusters and  

coherent within the clusters.  

Beckenbach, Eifler, Fackeldey, Gleixner, Grever, Weber, Witzig, 2016 (subm.) 
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SCIP is available in source-code (http://scip.zib.de) and free for 

academic purposes to solve the MIP: 
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Reinmiedl, 2016 

Beckenbach, Eifler, Fackeldey, Gleixner, Grever, Weber, 

Witzig, 2016 (subm.) 

Generalized PCCA    

        (=0.005)    



Reinmiedl, 2016 

Beckenbach, Eifler, Fackeldey, Gleixner, Grever, Weber, 

Witzig, 2016 (subm.) 

MIP formulation 

    (=0.046) 
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