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Problem 1 (4 TP)
The discrete flux U™ ™x(t) (approximating z(t + 7)) of Runge-Kutta methods for non-
autonomous initial value problems

() = f(t,z(t), t>to, z(0) = zg
with f: Q — R? is specified by
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The coefficients are given in the extended Butcher scheme
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A Runge-Kutta method is called invariant with respect to autonomization if the discrete
flux coincides with the discrete flux ¥’ of the autonomized system

y(t)=Fyt), t>0,  y(0)= (wo,t0)"
with F: Q x R* = R4y = (2,6)T — F(y) = (f(t,x),1)T, ie.
=7 (X ‘;[/tJrT’tJZ‘
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Show that collocation methods are invariant with respect to autonomization.

Problem 2 (4 TP)
Consider the initial value problem

1y AT
()= 5

with ¢g(0) >0 and A < 0 and g € C'(R).



a) Show that z* = 0 is an asymptotically stable fixed point of (1).
b) Show that the semi-implicit time discretization

Thil = Tk _ Mgyl
T 9(w)

is asymptotically stable, in the sense that limyg_,~, xp = 0 for all 7 and xy.

Problem 3 (4 TP)
Prove the following remarks:

a) Let f be dissipativ. Then every fixed point of z/(t) = f(x) is stable.
b) If f satisfies the stronger condition
(f(@) = fy)z—y) <ple—yP  p<0,

then every fixed point is assymptotically stable.



