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’A mathematician is a device for turning coffee into theorems.’
Paul Erdos
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Exercise 1. (Itô Integrals)
In the following Bt always denotes Brownian motion in R, with B0 = 0 a.s., and f, g ∈ V(0, t) are
Itô-integrable processes.

a) Prove directly from the definition of the Itô integral that
∫ t

0
sdBs = tBt −

∫ t

0
Bsds.

b) Use the Itô formula to calculate It =
∫ t

0
BsdBs.

c) Show that the Itô integral is a martingale, i.e. E
[∫ t

0
f(s, ω)dBs(ω)

]
= 0.

d) Show that
∫ t

s
f(u, ω)dBu(ω) is Ft-measurable for all s ≤ t.

Exercise 2. (Ornstein-Uhlenbeck-process)
Let Xt : Ω → Rn be a stochastic process in Rn, and let Wt be Brownian motion in Rn. Consider the
SDE

dXt = AXtdt+BdWt, X0 = x (1)

where A and B are (n× n)-matrices and x ∈ Rn.

a) Show that the solution of (1) is given by Xt = eAtx +
∫ t

0
eA(t−s)dWs. (Hint: Consider f(x, t) =

e−Atx and use the n-dimensional Itô-formula to compute df(Xt, t).

b) Convince yourself that if Wt is interpreted as a column vector, one has

E(WtW
T
t ) = E

[(∫ t

0

dWs

)(∫ t

0

dWs′

)T
]

= I

where I is the identity matrix.

c) Use (a) and (b) to compute µt = E(Xt) and the covariance matrix Σ with components

Σij
t = E[(Xi

t − µi
t)(X

j
t − µ

j
t )]

where Xi
t and µi

t are the ith components of Xt and µt respectively.



d)∗ Show that if all eigenvalues of A have a strictly negative real part, one has the asymptotic repre-
sentation AΣ̄ +AT Σ̄ = −BBT where Σ̄ = limt→∞ Σt (Hint: Use partial integration).

Exercise 3. (Ornstein-Uhlenbeck-process continued)
Write a matlab script to numerically integrate the Ornstein-Uhlenbeck-process from (2) in R2:

dXt = AXtdt+BdWt, X0 = x ∈ R2

Choose a timestep of ∆t = 0.01, initial conditions x = (0, 0), B = I the identity matrix and A as

(i) A1 =

(
1 0
0 −1

)
, (ii) A2 =

(
−1 1
1 −1

)
, (iii) A3 =

(
0 1
−1 0

)
.

a) Plot a realization of the numerically integrated process Xt and compare it with a trajectory of the
’deterministic’ process (B = 0).

b) Explain the qualitative behaviour you observe in (i), (ii) and (iii) with properties of A (Hint:
eigenvalues...).


