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Problem 1 (4 theory points)
Let ψ,ψ ∈ H1(Ω) with ψ ≤ ψ. Show that the set

K = {v ∈ H1(Ω) |ψ ≤ v ≤ ψ a.e.}

is convex and closed in H1(Ω) and that its characteristic functional χK is convex, proper,
and l.s.c.. Furthermore show that for ψ 6= ψ the set K is unbounded and χK is not
coercive.

Problem 2 (4 theory points)
Let H be a Hilbert space, a(·, ·) : H×H → R a symmetric, elliptic bilinear form, l ∈ H ′,
and K ⊂ H closed, convex, and nonempty. Show that the minimization problem

u ∈ K : J(u) ≤ J(v) v ∈ K

for J(v) = 1
2a(v, v)− l(v) has a unique solution.

Problem 3 (4 theory points)
Let Ω be a bounded polyhedral domain, T a conforming triangulation of Ω by simplices,
ST the space of piecewise linear finite element functions on T and IT : C(Ω)→ ST the
nodal interpolation operator. For a convex, proper, l.s.c. functional Φ : R → R ∪ {∞}
define

ϕ : L1(Ω)→ R ∪ {∞}, ϕ(v) =

∫
Ω

Φ(v(x)) dx.

a) Show that ϕ is proper and convex.

b) Show that the lumped approximation

ϕT : ST → R ∪ {∞}, ϕT (v) =

∫
Ω
IT (Φ ◦ v)(x) dx

is proper and convex and satisfied ϕ(v) ≤ ϕT (v) for all v ∈ ST .
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