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Problem 1
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defines a diagonally implicit Runge-Kutta (DIRK) method Ψτ of stage s. If a11 = a22 =
. . . = ass, Ψτ is called a singly diagonally implicit Runge-Kutta (SDIRK) method.

a) Describe the advantages of DIRK and SDIRK methods, over usual implicit Runge-
Kutta methods.

b) Construct a 2-stage SDIRK method Ψτ
2,3 of order p = 3.

c) Is Ψτ
2,3 A-stable?

Problem 2
Let E : Rn → R be a convex functional and consider the associated gradient flow

x′(t) = −∇E(x(t)), x(0) = x0, (1)

where ∇E(x(t)) ∈ Rn is the gradient of E at x(t).

a) Show that E(x(t)) ≤ E(x0) for all t > 0. Show then that even E(x(t)) < E(x0) if
∇E(x0) 6= 0.



b) Assume that E is strictly convex. Show that each fixed point of (1) is asymptoti-
cally stable.

c) Assume that E is strictly convex and coercive. Show that there exists a unique,
asymptotically stable fixed point of (1).


