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Please note the announcements on the website regarding organizational in-
formation on the lecture and the tutorial in the upcoming weeks.

Exercise 1 (representation of orthogonal projections)
Let n ∈ N, k ∈ {0, . . . , n} and V ⊆ Rn a k-dimensional linear subspace. For any x ∈ Rn
the (euclidean) orthogonal projection of x onto V is defined to be the solution of

min
y∈V
‖y − x‖, (∗)

denoted by Px.
Now, suppose a1, . . . , ak ∈ Rn form a basis of V . Show that Px = A(ATA)−1ATx for all
x ∈ Rn+1 where A = (a1, . . . , ak) ∈ Rn×k.

Remark: You may use without proof that (∗) admits a unique solution.

Exercise 2 (derivative and curvature vector’s representation in parameterization)
Let Γ ⊆ Rn+1 a C2-hypersurface. We consider a local parameterization of Γ by a map
X ∈ C2(V,Rn+1 with V ⊆ Rn open.

The Riemannian metric is denoted by G := (gij)i,j∈{1,...,n} =
(
∂X
∂θi
· ∂X∂θj

)
i,j∈{1,...,n}

and

its inverse by (gij)i,j∈{1,...,n}. Furthermore, we define g := det(G).

a) For f ∈ C1(U,R), where U is an open neighborhood of X(V ), show that

∇Γf ◦X =
n∑

i,j=1

gij
∂(f ◦X)

∂θj

∂X

∂θi
.

b) For the case n = 1, show that

(H ◦X)(ν ◦X) = − 1
√
g

n∑
i,j=1

∂

∂θi

(
gij
√
g
∂X

∂θj

)
.

Bonus: Prove this formula for arbitrary n ∈ N>0.

Have fun!
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