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Exercise 1 (4 TP)

a) Let ¢,¢ € R" and K := {v € R" | ¢ < v < ¢} where the “<” have to be understood
component-wise. Show that the Euclidean projection onto K, denoted by P: R" — K,
is given by

Pg(v) = (max (gz, min (¢, vl))) eR"

iel
with I :={1,...,n}.

b) Furthermore, suppose A € R™™ symmetric positive definite and b € R™. Define for
veR”

Jo(v) = %(Av,w ), JW) = Jo(w) + Ik ().

Here Ik is the indicator function over the set K. Prove for u € K and v € R™ \ {0}

angin ez J(u-+ po) = ma (8.min (5, 2720 ) )

where

iel, vi>0 v i€l vi<0  v;

yi_ui ¢z_uz>

J = max < max max

0 = min min = min .

iel, vi<0  v; i€l vi>0 v,
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Exercise 2 (6 TP)
Let A € R™" be s.p.d. and b,9 € R™. For the minimization problem

ue K : J(u) < J(v) Yve K

with J(v) = £(Av,v) —(b,v) and K = {v € R" |y < v} and the lower/diagonal /upper splitting
A =L+ D+ R we consider the projected Gaufi—Seidel method given by

a)

b)

wt = (D +L+0xk) ' (b— Ru”) =u” + F(u").

Show that u solves the minimization problem if and only if F'(u) = 0 for F' as defined
above.

For v € R™ we denote by A(v) = {i € |¢; = v;} and by Z(v) = {1,...,n} \ A(v) the sets
of active and inactive indices, respectively. Now let 7 C {1,...,n} be any index set and
UJ)={veR"|Z(v+ F(v)) = J}, i.e., for all v in U(J) the active set is the same
after application of one Gaui—Seidel step. Show that F is affine linear on U (7).

Exercise 3 (4 PP)

a)

b)

Implement a function hl_semi norm that computes the error in the H'(2)-seminorm of
a function u and a finite element function uy, by approximating ||V (u — up)||r2(q) using
quadrature. See the template file from the provided resources for more details.

Let Q = B1(0) C R?, f(x) = —4, P(z) = —||z||? - %, Y(xr) =1and K := {v € H&(Q) |
P <w< 1 }. Discretize the problem

1
min §||VUH%2(Q) — (f,0) 2

using piecewise finite linear elements and the grid from the file grid unit_circle.mat in
the resources and solve the resulting equation using the projected GauB-Seidel method.
Approximate the error [|[V(u — up)|[12(q) using hl_semi norm and the exact solution

(2) = lz]|? — 4a®In(||z|) — 2a® — 0.4 + 4a®In(a) if ||z| > a
P(x) if ||z]| < a

with a ~ 0.29534584846812719. Compute the error for various grid refinements and
explain your results. What do you observe and why?

Have fun!



