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Exercise 1.
Let (Ω, E ,P) be a probability space and let ξ be a random variable. Show that
the triple (I , EI ,PI ) defined by

I = ξ(Ω) ⊂ R
EI = B(I ) = Bor(R) ∩ I

PI(A) = P(ξ−1(A))

is a probability space.

Exercise 2.
a) Show that independent random variables ξ and η are uncorrelated.
b) Conversely, are there uncorrelated random variables ξ and η that are not
independent?

Exercise 3.
a) Let v be a non-negative random variable. Prove Markov’s inequality

P(v ≥ α)α ≤ E[v], ∀α ∈ R.

b) Prove Chebyshev’s inequality

P (|v − E[v]| ≥ k) ≤ Var(v)

k2
.

c) Prove the following ’Law of Large Numbers’:
Let vi, i = 1, . . . , n be independent identically distributed random variables

and w(ω1, . . . , ωn) = 1
n

∑n
i=1 vi(ωi). Then E[w] = E[vi], i = 1, . . . , n and for all

ε > 0 there is a Cε > 0 such that

P
(
|w − E[w]| ≤ Cεn

−1/2
)
≥ 1− ε.


